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Letters —

Comments on “Analysis of Superconducting
Microwave Structures: Application to

Microstrip Lines”

Y. L. Chow, R. Faraji-Dana, and S. Safavi-Naeini

The above paper [1] suggests a strong relation between the axial

current distribution JZ over the cross section of a superconducting

microstripline and the accumulated charge density p, on its bound-

ary surface. The “two fluid model, ” ? = ?. + ?,, and the Lon-

don’s equation

(1)

are used in the paper to model the superconducting materials. In

this model, superconductors are treated microscopically as ordi-

nary conductors with complex conductivity 5 = on – jo~c and CJ,c

= 1 /C0,UoA2 (see [2] for instance); therefore, the claimed relation

between J, and p, is supposed to be valid for normal conductors.

In fact, in the previous paper [3] of the authors of [1], a similar

proportionality relation between J, and p, is reported for micro-

stnplines made of normal conductors. The obvious result of this

proportionality relation for a microstripline with substrate of high

dielectric constant, is a tremendous concentration of both charge

and axial current distributions on the dielectric side (lower side) of

the strip. In fact a concentration of the lower side current density

of 30 to 60 times larger than the upper side of the strip is reported

in these two papers for a dielectric constant of 23. Since this sur-

prising result does not seem to comply with the known experimen-

tal observations and other analyses, the purpose of this letter is to

reconcile these contradictions. We believe that in both papers an

invalid extension of the quasi-TEM approximation from a perfectly

conducting strip to the imperfect conductor strips created these in-

correct conclusions.

I. EXPERIMENTAL EVIDENCES

The effect of the substrate dielectric constant e, on the axial cur-

rent density Jz of a normal strip conductor can be observed through

the conductor loss measurements. In fact, high concentration of YZ

on the lower side of the strip, reported in the above two papers,

means a two fold increase in the attenuation constant of the line.

This does not agree with the loss experiments reported by Pucel et

al. [4] where no such increase was observed for increasing dielec-

tric constant ~, even for an e, of 105. Their measurements show

good agreements with the conductor loss formula developed, which

is based on the Wheeler’s incremental inductance rule, which does

not consider the existence of the dielectric substrate in the struc-

ture. Mittra and Itoh [5] have also mentioned this experimental

verification. Recent published results [6] on GaAs microstrips loss

measurements (c, = 12.9) have also shown good agreement be-
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tween experiments and loss calculations using existing sof( ware

packages which ignore the existence of the dielectric substrate.

II. ANALYTICAL EVIDENCES

In the paper, quasi-TEM approximations of the full wave gov-

erning equations (16 ) * and (18) are used both inside and outside

the superconducting strip. It is assumed that t~e current flows along
the direction of t~e wave p~opagation, i.e., J = J,2, and only the

z-component of A exists, 4 = AZ2, and the governing equations

become:

()V;–$ A:=–po V$”f inside the strip (22) (2)

V;AZ = O outside of the strip (23 } (3)

Obviously the most important part of this formulation is the chloice

of excitation function V* . 2 in (2). Equation (20) of the paper

assumes a proportionality between V@ . 2 and the charge distri-

bution, that is,

V+ “ ~ = ;P, = Vphps. (20> (4)

Considering this highly nonuniform excitation over the upper and

lower sides of the strip, the numerical output for the axial cttment

distribution

–1
J, = -Y A,+ V$”2 (15) (5)

/_l~A-

shotdd be very similar to the charge distribution, as reported in the

paper. In this section we examine the validity of the assumptions

which led to this unexpected result.
- 1) The assumption of a pure solenoidal vector potential ~ (V .
A = O by Coulomb’s gauge) requires more than one component of

~ in each region, for ~ = AZ2 gives

V.~=0*–j/3Az =O*fi =0. (6)

This contradicts the formulation, since /3 = O means that Vi 02

= O and the excitation problem (2) is converted to a homogeneous

problem without the claimed dependence on th~ charge distribu-
tion. Therefore, the transverse components of A must also be in-

cluded in the formulation especially in the interior region.

2) The paper uses a quasi-TEM approximation of the fields

(tl /tLX = 3/ay = O) at the interior of the superconductor strip, to

show the significance of Vi in shaping the axial current distribu-

tion J,. It then derives (4) as the demonstration of proportiona~lity

between J, and p. At this equation, the paper states that the charge

p is zero everywhere except near the surface. It was pointed out by

Matthaei et al. [7] that the charge is actually a surface charge ,0,,.

Using the full wave formulation of the paper one can easily derive

from

(ati ai a+

‘“J=V’ az )
—f+~.f+-j =–jw,

ay
(6)

‘The symbol ( ) is used in quoting the equation numbers of paper [11,
to avoid confusion with the equation numbers of this letter.
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the true dependence between

l?.j=

where ii is the inward vector

Equation (7) shows that:
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~ and p,, that is, on the boundary,

(7)

normal to the boundary of the strip.

a) As also pointed out by Matthaei et al. [7], the surface charge

density on the boundary of a conductor M proportional to the nor-

mal component of the current density not the axial component.

Therefore, the existence of a larger concentration of surface charge

density on the lower side of th<strip implies a larger concentration
of the normal component of J. However the total current I and

charge per unit length q are always related through I = (W/~)q.

b) O: is proportional to the normal component of Vi and the

claimed proportionality of Vi . 2 with p, is not correct. Also, as-

suming 6’/I3n = O, n = x, y means no charge accumulation on the

boundary.

As mentioned before, the above error arises from the invalid as-

sumption d /dx = c3/dy = O in ( 19) of the paper. In an exact

sense, this equation should be written as

Therefore,

““’=2+W+3)

(8)

(9)

Since the field distribution inside the conductor varies very rapidly

in the transverse direction due to the skin effect, it is clear that

ii/ax and 8 /8y cannot be ignored.

3) Another clear contradiction arising from setting 8 /ax = 8 /8y

= O in (9) is that *(x, y) should be almost uniform with respect to

x and y. This contradicts the claimed proportionality of ~ and p,

(<20 ) of the paper) as clearly p, is expected to have a highly non-

uniform distribution on the lower and upper sides and also at the

corners of the strip.

Based on the above facts, it is clear that for a wave propagation

of e ‘Jti?, while a quasi-TEM approximation can be valid for the

fields outside the strip [8] (exterior problem), it is not valid for the

interior problem.

Finally, it should be mentioned that several published studies on

the current distribution and conductor loss of a microstrip structure

have achieved accurate results despite neglecting the presence of

the dielectric substrate. In most of these studies a uniform excita-

tion of the electric field have been assumed in the structure [9]-

[13]. In our opinion, in the two papers being discussed here, lack

of comparison with physically measurable parameters (like the

conductor loss) has hidden the physical implications of the reported

results on the current distribution. It is however expected that in

paper [1], by implementing the correct excitation V+ in the full

wave formulation of the interior region and applying the correct

boundary conditions as (7), the correct result of more even distri-

bution of axial current densities on the upper and lower sides should

be generated.
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Reply to Comments on “Analysis of Superconducting
Microwave Structures: Application to Microstrip

Lines”

Samir M. E1-Ghazaly

In the above mentioned letter [1], Chow et al. object to some

observations presented in two of our papers [2] – [3]. Their obj ec-

tions can be summarized into the following topic points:

1. The distribution of longitudinal current component J, in the

transverse plane is related to the surface charge density p,.

2. The distribution of .IZ in the transverse plane varies with the

dielectric constant of the substrate.

In their letter, they presented what they thought to be valid exper-

imental and theoretical evidences. Unfortunately, they failed to un-

derstand some salient features of our papers. Also, they overesti-

mate the applicability of Wheeler’s approximation [4], namely the

inductance per unit length is independent of the dielectric constant

in transmission lines.

To clear the confusion generated by Chow et al. and to avoid

indulging into massive numerical calculations that distract the at-
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tention away from the physics, this reply is organized into two sec-

tions. In Section I, Points 1 and 2 mentioned above will be dis-

cussed based on one of the simplest electromagnetic problems one

can think of. In Section II, we will provide discussions to clear up

the arguments presented by Chow et al. [1] as their experimental

and analytical evidences.

SECTION I: EFFECT OF DIELECTRIC

To discuss Point 1, consider theparallel-plane transmission line

presented in Fig. l(a). Thestructure islossless and fringing effects

are neglected. A TEM wave propagating in the z-direction is ex-

cited. The electric field is directed in the x-direction and the mag-

netic field is in the y-direction. The commonly used sym’bols and

terminology areused here. Using Maxwell’s equations, the follow-

ing relations can easily be derived.

~ = Hoe -jflza
Y>

and

E = rlHOe-j@zax.

The surface charge density on the lower surface is

P,l = eax . E = erlHOe-joz.

The surface current density on the lower surface is given by

J,I = a.xH= HOe-jozaz.

(1)

(2)

(3)

(4)

On the other hand, J,l can alternatively be derived using the surface

charge density and the phase velocity, vP~ = l/~, as follows.

J,I = P,l vph a, = (erJHOe “~’) vpha, = HOe ‘J flzaz. (5)

Obviously, (4) and (5) are identical, although the approach used in

deriving them is different. Both of them prove the strong relation

between the surface charge density and the axial current.

To discuss the effect of the dielectric constant on the current

distribution, which is Point 2, consider the dielectric loaded par-

allel plate transmission line shown in Fig. 1(b). Using the sym-

metry of the structure, only one half is analyzed. Assume Iossless

dielectric material in the region y < t, and perfect conductors.

Consider the lowest TE mode and using a magnetic-type Hertzian

potential along the z-direction, it can be shown that the electro-

magnetic field expansion in the two regions are

Pory<i

H = ( –aYj(3 cos (}cYy) /kY + a, sin (kYY)) Hod e ‘JPZ, (6)

E = –a~”wp HO~ cos (kYy)/ky e ‘Jpz, (7)

and for y > t

H = (–aYj@e ‘ay/CY + aze ‘“)’ )HO.e ‘joz, (8)

E = –axjwp HO. e ‘my/se ‘J@’, (9)

where

HO~ and HO. arc amplitude constants, ky and a are the propagation

parameters in the y-direction in the dielectric and air regions re-

spectively, and ~ is the propagation constant along the z-direction.

Matching the tangential components at y = t and using (10), it can

be shown that

kY tan (ky t) = a. (11)

x
t

Fig. 1.

Using the y-component of the magnetic field, the surface current

on the lower surface is given by

J,I = (–ay sin (kYy) – azjfl cos (kYy)/ky) Hode ‘Jo’,

fory S t

= (–aYe ‘a’ – azj(?e ‘ay/rr) HOd sin (kyt) e ‘*e ‘joz,

for y z t. (12)

Obviously, the current distributions given by (12) are distinctly

different from those given by (4). This example decisively proves

that the insertion of a dielectric material changes the surface cur-

rent distributions. On other hand, when the space is uniformly filled

with the same dielectric material, the ctttient distribution is not

changed. The magnitude of the current however changes,’ for the

same external excitation, t~ reflect the change in the characteristic

impedance of the line. Another electromagnetic fact, Chow et al.

objected to, that can be demonstrated using this simple analysis is

the current accumulation on surfaces adjacent to high dielectric

constant regions. Using (12), the axial component of J,l is inte-

grated to evaluate the current carried by the surface adjacent to, the

dielectric Id and the cimrent carried by the conductor adjace~lt to

the air region 1. as follows.

~

r

Id = J,[. azdy=@ Hod sin (kYt),
o

1(13)

Y

and

{

Oa’

Ia = J,l . az dy =
–jP
— HOd sin (ky t). (14)

r Crz

Hence, the ratio of Id to the total current becomes

Id 1

Ztoti,= k 2’

()
l+J

a

(15)

This ratio is plotted in Fig. 2 for relative dielectric constants rang-

ing from 2 t; 60. This ~gure is developed for a frequency of-l

GHz. The analysis is independent of the separation between the

two electrodes as long as the attention is focused on the fundamen-

tal mode. Fig. 2 shows that up to 80% of the current is carried by

a small region of the conductor at high dielectric constants. It is a

well known fact that the energy density concentration increases in

high dielectric constants areas. In principle, this energy concentra-

tion is what carried forward as a transmitted power in transmission

lines. Therefore, it must be associated with a concentration of the

axial current on the conductors since the axial current is what car-
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ries the power in the transmission line concept. The transmission

line concept is in full agreement with Maxwell’s equations. Ac-

tually, it is based on Maxwell’s equations.

The last step in this section is to address the relation between

transmission lines with perfect conductors and imperfect conduc-

tors. In perfect conductors, the current is concentrated on the sur-

face; this is why it is called surface current density. As the con-

ductivity is reduced from infinite to finite, the current spreads over

a few skin depths. It is called current density in this case. Extend-

ing perfect conductor results to good conductors is simply achieved

through the perturbation approach, which is quite acceptable for

good conductors. Therefore, the above presented observation and

points must also exist in good conductors and superconductors as

well. The confusion presented in [1] can be cleared by reviewing

the concept of surface impedance to clearly understand this point.

Also, more discussions regarding extending perfect conductor re-

sults to good conductors are found in many text books (e.g., [6]

Sec. 10-4 and [7] Section 7.04-7.06).

SECTION II: REPLY TO THE ARGUMENTS

The discussion presented in Section I proves the physical obser-

vations presented in our papers [2] and [3]. To avoid creating any

controversy, we will briefly point out to the main problems in their

letter that lead to their incorrect conclusions. The following dis-

cussions show that our papers [2] and [3] are in full agreement with

the electromagnetic fundamentals, and not contradicting the exper-

imental evidences. Also, we will reconcile some physics pertaining

to current distributions associated with guided waves.

A. Reconciling the Experimental Evidences

Chow et al. claim that experimental evidences support their

views. They reference Paucel et al. [8], who made experiments

using two different dielectric constants, 9.35 and 105. They also

mentioned another experiment on GaAs. However, they drew the

wrong conclusion from these experiments based on the following.

1. The experimental evidences presented by Chow et al. do not

contradict our observations. The results by Pucel et al. can

be understood by considering Fig. 4 in the same paper, [8].

This figure indicates that the current carried by the bottom

surface is much larger than that carried by the upper surface.

2.

This observation is confirmed by Faraji-Dana and Chow in

Fig. 5(b) in [9] (the first two authors of Chow et al. letter).

In general, this observation is acceptable for the practical

ranges of strip width to substrate thickness ratios. Since the

conductor losses are proportional to the current square, then

before tacking the dielectric substrate effects into consider-

ation, the losses are mainly contributed by the lower surface

of the conducting strip. Adding the substrate to this case in-

creases the ratio of the current on the lower surface to the

current on the upper surface, but does not practically increase

the losses and the attenuation. To make it easy to follow this

explanation, we will clear it up numerically using their Fig.

5(b) in [9]. The ratio between the two cuments is roughly 10

to 1. For total current of 1 A, about O.91 A flows on the

lower surface. The losses from the upper surface are roughly

about 1% of the total losses. Thus the losses are practically

caused by the lower surface. Introducing a dielectric sub-

strate in their structure increases this current ratio (say 100

to 1). The current on the lower surface becomes 0.99 A, for

the same total drive current of 1 A. Consequently, the losses

are still caused by the lower surface and no practical increase

in the attenuation is observed. Fig. 3 in our paper [3] is very

helpful in understanding this point. The increase in the cur-

rent ratio should not be interpreted as increase in the current

itself. Our results do not mean that the attenuation should

increase with the substrate’s dielectric constant.

Chow et al. mentioned only two uncorrelated results by two

different authors. namely [8] and [10]. They fail to observe

that the issue being discussed can only be decided by a sys-

tematic study. in which all parameters are kept unchanged

and the dielectric constant is varied starting from dielectric

constants close to one and up. The range of dielectric con-

stant and the structure geometry (i. e., strip width and sub-

strate thickness) m-e critical for observing the increase in at-

tenuation. As it is explained in the previous paragraph, if one

starts with a combination of a dielectric constant and a ge-

ometry which accumulates the current on one side of the strip,

increasing the dielectric constant in the substrate will not lead

to any observable increase in the losses in the conducting

strip.

The above explanation demonstrates that our results are not con-

tradicting the experimental evidences presented in [1].

B. Reconciling the Analytical Evidences

Chow et al. presented three points in this section. The response

to them is as follows

1. The discussion presented by Chow et al. in their eq. (6) stems

from misunderstanding of the simplified model presented in

[2]. To obtain this model, we assumed ~ = 1, which means

that OJ~ O. Hence, when (1 ~ O, this does not imply that

V‘1 o a, should vanish. It should be noticed that o /(3 = 0/0

is an undefined quantity.

2. The response of this point has been completely discussed in

Section I. The relations between the charge, the longitudinal

current and the electric field are demonstrated clearly there,

Chow et al. quoted correct information from Matthaei et al.,

but unfortunately they drew the wrong conclusion from them.

In the lossy case, the transverse electric field does penetrate

the lossy conductor, where it terminates on electric charges

distributed near the surface. That is what causes the normal

components of the current. As the electromagnetic wave
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propagates, thepattem of thetransverse electric field moves

along with it; actually the movement of the field patters is

what we call a wave propagation. As the transverse electric

field advances, it drags the charges inside the conductor with

it, which leads to the axial current flow. Visualizing this

physical picture saves researchers the trouble of interpreting

mathematical expressions without a sense of direction, which

may lead to wrong conclusions.

Chow et al. misunderstood and misquoted our paper regard-

ing the assumption 3/ax = d/ ay = O. They thought that we

made this approximation for numerical calculations in our

paper [2]. In [2], it is pointed out that this approximation was

mentioned only to extract the physical meaning of VV. It was

never used in the analysis nor in the simplified solution.

Moreover, the assumption d/dx = 3/dy = O is a special

case, or represents a subcategory, of TEM waves. In general,

TEM waves require the transverse divergence operator to be

v, = a/axux + a/ayay = 0. (16)

Thus TEM, or quasi TEM, waves allow variations in the

x- and y-directions. A simple example of a TEM wave which

is not a uniform plane wave is the fundamental mode of the

microstrip line when the entire space is uniformly filled with

the same dielectric material (e. g., when the substrate is re-

moved to obtain an air-filled microstrip line). This structure

supports a pure TEM-wave, while allowing both the electric

and magnetic fields to vary in the transverse plane. Also the

charge and current singularities are strongly pronounced de-

spite the fact that this is a TEM-wave.

Finally, we would like to point out that the authors who utilized

the incremental inductance approximation, including Wheeler him-

self, Pucel et al. and Mittra and Itoh, all of them acknowledged

that this is just an approximation valid only under certain condi-

tions. Therefore, when a researcher presents results that may not

agree with the incremental inductance rule, nobody should auto-

matically assume that the new results are wrong.

It is planned to execute a more accurate analysis based on the

full wave solution presented in [2]. The accuracy of the numerical

results presented in [2] will be checked against results of the more

rigorous analysis.

In conclusion, we affirm that the axial current distributions in

superconducting microstrip lines has a strong dependence on the

charge density and the substrate’s dielectric constant. Also, this

strong dependence on the dielectric constant does not automatically

lead
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to a measurable increase in the attenuation.
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Corrections to “A Study of the Nonorthogonal FDTD
Method Versus the Conventional FDTD Technique

for Computing Resonant Frequencies of
Cylindrical Cavities

Paul H. Harms, Jin-Fa Lee, and Raj Mittra

A few corrections should be noted in our paper [1]. The refer-

ence numbers in Table I and II are incorrect, and a third reference

should be added. Also, a mode shown for the results of the non-

orthogonal FDTD analysis in Fig. 9 (b) was not included in Table

II. This error results from the difficulty of identifying modes with

the FDTD analysis, because only the frequency spectrum of the

field is provided at a few points in the cavity. In comparing the

FDTD results with data from the technical literature, it is ditiicult

to match values mode-for-mode unless one knows what modes are

TABLE I

COMPARISON OF THE LOWER ORDER RESONANT FREQUENCIES FORTHE

CYLINDRICAL CAVITY WITH A DIELECTRIC ROD FILLING (f, = 37.6.
a = 1.00076 cm, b = 1.27 cm, L = 1.397 cm)

Nonorthogonal
Ref. [13] FEM [12]

Mode

FDTD

(GHz) (GHz) (GHz)

TMO1O — 1.50 1.47
TM110 — 2.44 2.38

HE1ll 2.49 2.50 2.48
TMO11 3.38 3.38 3.38
HE211 3.40 3.38 3.38
HE121 3.81 3.83 3.79

TABLE II
COMPARISON OF THE LOWER ORDER RESONANT FREQUENCIES FORTHE
CYLINDRICAL CAVITY WITH A DIELECTRIC DISK FILLING (e, = 35.74,

a = 0.8636 cm, b = 1.295 cm, H = 0.762 cm,
L1 = L2 = 0.381 cm)

Nonorthogonal

Refs. [13], [15] FEM [12] FDTD % Difference
Mode (GHz) (GHz) (GHz) (Ref. [13] & FDTD)

TEO1 3.428 3.51 3.53 3.0%
HE1l 4.224 4.27 3.90 7.7%

HE12 4.326 4.36 4.17 3.6%
TMO1 4.551 4.54 4.53 0.5%
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